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Abstrat
We present a method where derivations of ⋆-produt algebras are used to build
ovariant derivatives for nonommutative gauge theory. We write down a nonom-
mutative ation by linking these derivations to a frame eld indued by a nonon-
stant metri. An example is given where the ation redues in the lassial limit to
salar eletrodynamis on a urved bakground. We further use the Seiberg-Witten
map to extend the formalism to arbitrary gauge groups. A proof of the existene
of the Seiberg-Witten-map for an abelian gauge potential is given for the formality
⋆-produt. We also give expliit formulas for the Weyl ordered ⋆-produt and its
Seiberg-Witten-maps up to seond order.
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1 Introdution
One hope assoiated with the appliation of nonommutative geometry in physis is a
better desription of quantized gravity. At least it should be possible to onstrut eetive
ations where traes of this unknown theory remain. If one believes that quantum gravity
is in a sense a quantum eld theory, then its observables are operators on a Hilbert
spae and therefore elements of an algebra. Some properties of this algebra should be
reeted in the nonommutative geometry the eetive ations are onstruted on. As
the nonommutativity should be indued by bakground gravitational elds, the lassial
limit of the eetive ations should redue to ations on urved spaetimes [1, 2℄.
In this paper we will investigate nonommutative geometry formulated in the ⋆-produt
formalism, where gauge theory an be onstruted in a partiularly onvenient way on
nonommutative spaetime.
The ase of an algebra with onstant ommutator has been extensively studied. This
theory redues in the lassial limit to a theory on a at spaetime. Therefore it is neessary
to develop onepts working with more general algebras
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, sine one would expet that
urved bakgrounds are related to algebras with nononstant ommutation relations. We
present here a method using derivations of ⋆-produt algebras to build ovariant derivatives
for nonommutative gauge theory. We are able to write down a nonommutative ation by
linking these derivations to a frame eld indued by a nononstant metri. An example is
given where the ation redues in the lassial limit to salar eletrodynamis on a urved
bakground.
Nonexpanded theories an only deal with U(n)-gauge groups, but using Seiberg-Witten-
maps relating nonommutative quantities with their ommutative ounterparts makes it
possible to onsider arbitrary nonabelian gauge groups [4, 5, 6℄. We therefore extend our
formalism to arbitrary gauge groups by introduing Seiberg-Witten maps. A proof of the
existene of the Seiberg-Witten-map for an abelian gauge potential is given for the for-
mality ⋆-produt. We also give expliit formulas for the Weyl ordered ⋆-produt and its
Seiberg-Witten-maps up to seond order.
2 The general formalism
2.1 Classial gauge theory
First let us reall some properties of a general lassial gauge theory. A non-abelian gauge
theory is based on a Lie group with Lie algebra
[T a, T b] = i fabcT
c. (1)
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As an example for the treatment of a speial algebra, see also the reent paper [3℄, where gauge theory
on the Eq(2)-ovariant plane is studied.
3
Matter elds transform under a Lie algebra valued innitesimal parameter
δαψ = iαψ, α = αaT
a
(2)
in the fundamental representation. It follows that
(δαδβ − δβδα)ψ = δ−i[α,β]ψ. (3)
The ommutator of two onseutive innitesimal gauge transformation loses into an in-
nitesimal gauge transformation. Further a Lie algebra valued gauge potential is intro-
dued with the transformation property
ai = aiaT
a,
δαai = ∂iα+ i[α, ai]. (4)
With this the ovariant derivative of a eld is
Diψ = ∂iψ − iaiψ. (5)
The eld strength of the gauge potential is dened to be the ommutator of two ovariant
derivatives
iFij = [Di,Dj ] = ∂iaj − ∂jai − i[ai, aj ]. (6)
The last equations an all be stated in the language of forms. For this a onnetion one
form is introdued
a = aiaT
adxi. (7)
The ovariant derivative now ats as
Dψ = dψ − iaψ. (8)
The eld strength beomes a two form
F = da− ia ∧ a. (9)
2.2 Commutative ations with the frame formalism
In this setion we want to reall some aspets of lassial dierential geometry. Suppose
we are working on a n-dimensional manifold M . Then there are loally n derivations ∂µ
whih form a basis of the tangent spae TM of the manifold. The derivations all fulll
the Leibniz rule on two funtions. If we make a loal basis transformation on TM then
this frame an always be written loally as
ea = ea
µ(x)∂µ, (10)
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where ea
µ(x) has to be invertible (eν
aea
µ = δµν ). Sine forms are dual to vetor elds, they
may be evaluated on a frame. For the ovariant derivate we get
(Dψ)(ea) = eaψ − iaaψ (11)
where
aa = a(ea). (12)
The eld strength beomes
f(ea, eb) = fab = eaab − ebaa − a([ea, eb])− i[aa, ab]. (13)
It is well known that in Riemannian geometry it is always possible to nd a frame where
the metri is onstant
ηab = ea
µeb
νgµν . (14)
Sine in salar eletrodynamis we do not need a spin onnetion, it is simple to write
down its ation on an urved manifold with the frame formalism
S =
∫
dnx e (−1
4
ηabηcdfacfbd + η
abDaφDbφ+m
2φφ). (15)
Here
e = (det ea
µ)−1 =
√
det (gµν) (16)
is the measure funtion for the urved manifold.
2.3 Nonommutative gauge theory
In our approah to studying physis in the nonommutative realm, one deforms the om-
mutative algebra of funtions on a spae to a nonommutative one. This nonommutative
algebra of funtions we all nonommutative spae, nonommutative objets are written
with a hat. We want this deformation to be ontrolled by some parameter so that in some
limit we an get bak a ommutative spae. The same we expet from theories built on a
nonommutative spae: In the ommutative limit they should redue to a meaningful om-
mutative theory. For a nonommutative spae where the ommutator of the oordinates is
a onstant, the ommutative limit is the usual gauge theory on at spaetime. But as the
nonommutativity should be related to gravity, gauge theory on a urved spaetime seems
to be a more natural limit for theories on nonommutative spaes with more ompliated,
non-onstant ommutators.
In a gauge theory on a nonommutative spae, elds should again transform like (2)
δˆΛˆΨˆ = iΛˆΨˆ. (17)
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Again the ommutator of two gauge transformations should be a gauge transformation
(δˆΛˆδˆΓˆ − δˆΓˆδˆΛˆ)Ψˆ = δˆ−i[Λˆ,Γˆ]Ψˆ. (18)
This is only the ase for U(n) gauge groups, but general gauge groups an be imple-
mented by using Seiberg-Witten maps (see hapter 2.5). Sine multipliation of a funtion
with a eld is not again a ovariant operation, we are fored to introdue a ovariantizer
with the transformation property
δˆΛˆD(fˆ) = i[Λˆ,D(fˆ)]. (19)
From this it follows that
δˆΛˆ(D(fˆ)Ψˆ) = iΛˆD(fˆ)Ψˆ. (20)
If we ovariantize the oordinate funtions xˆi we get ovariant oordinates
Xˆi = D(xˆi) = xˆi + Aˆ,i (21)
where the gauge eld now transforms aording to
δˆΛˆAˆ
i = −i[xˆi, Λˆ] + i[Λˆ, Aˆi]. (22)
Unlukily, this does not have a meaningful ommutative limit, a problem that an only
be xed for the anonial ase (i.e. [x̂i, x̂j ] = iθij with θ a onstant) and invertible θ.
For nonommutative algebras where we already have derivatives with a ommutative
limit, it therefore seems natural to gauge these. But due to their nontrivial oprodut
the resulting gauge eld would have to be derivative-valued to math the rather awkward
behaviour under gauge transformations [7℄. The physial reason for this might be the
following: The nonommutative derivatives are in general built to redue to derivatives on
at spaetime, whih might not be the orret ommutative limit.
We therefore advoate a solution using derivations that will later on (see setion 2.6)
be linked to derivatives on urved spaetime:
If we have a derivation ∂ˆ of the algebra, i.e.
∂ˆ(fˆ gˆ) = (∂ˆfˆ)gˆ + fˆ(∂ˆgˆ), (23)
we an introdue a nonommutative gauge parameter Aˆ
∂ˆ
and demand that the ovariant
derivative (or ovariant derivation) of a eld
DˆΨˆ = (∂ˆ − iAˆ
∂ˆ
)Ψˆ (24)
again transforms like a eld
δˆΛˆDˆΨˆ = iΛˆDˆΨˆ. (25)
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From this it follows that Aˆ
∂ˆ
has to transform like
δˆΛˆAˆ∂ˆ = ∂ˆAˆ∂ˆ + i[Λˆ, Aˆ∂ˆ ]. (26)
This is the transformation property we would expet a nonommutative gauge potential
to have. If we have an involution on the algebra, we an demand that the gauge potential
is real Aˆ
∂ˆ
= Aˆ
∂ˆ
and the eld Ψˆ transforms on the right hand side. In this ase expressions
of the form
ΨˆΨˆ and DˆΨˆDˆΨˆ (27)
beome gauge invariant quantities.
2.4 Derivations and Forms
We have seen that in order to onstrut nonommutative gauge theory in our approah, we
need derivations on the algebra. As we want to use ⋆-produts to represent the algebra, we
have to investigate the derivations of suh a ⋆-produt algebra. We will be able to identify
derivations of ⋆-produts with Poisson vetor elds of the Poisson struture assoiated
with the ⋆-produt. To be more expliit, let us assume that X is a Poisson vetor eld
Xi∂i{f, g} = {Xi∂if, g}+ {f,Xi∂ig}. (28)
Then there exists a polydierential operator δX with the following property
δX(f ⋆ g) = δXf ⋆ g + f ⋆ δXg. (29)
Suh a map δ from the vetorelds to the dierential operators, whih maps the deriva-
tions of the Poisson manifold TπM = {X ∈ TM |[X,π]S = 0} to the derivations of the
⋆-produt D⋆M = {δ ∈ Dpoly|[δ, ⋆]G = 0}, an be onstruted both for the Formality
⋆-produt (see 4.1) and the Weyl ordered ⋆-produt (see 3.2). Here we want to investigate
the general properties of suh a map δ. For this we expand it on a loal path in terms of
partial derivatives
δX = δ
i
X∂i + δ
ij
X∂i∂j + · · · . (30)
Due to its property to be a derivation, δX is ompletely determined by the rst term δ
i
X∂i.
This means that if the rst term is zero, the other terms have to vanish, too. If further e
is an arbitrary derivation of the ⋆-produt, there must exist a vetor eld Xe suh that
δXe = e. (31)
If X,Y ∈ TπM , then [δX , δY ] is again a derivation of the ⋆-produt and we an onlude
that
[δX , δY ] = δ[X,Y ]⋆ , (32)
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where [X,Y ]⋆ is a deformation of the ordinary Lie braket of vetor elds. Obviously it is
linear, skew-symmetri and fullls the Jaobi identity.
We will now intodue nonommutative forms. If we have a map δ we have seen that
there is a natural Lie-algebra struture (32) over the spae of derivations of the ⋆-produt.
On this we an easily onstrut the Chevalley ohomology. Further, again with the map δ,
we an lift derivations of the Poisson struture to derivations of the ⋆-produt. Therefore
it should be possible to pull bak the Chevalley ohomology from the spae of derivations
to vetor elds. This will be done in the following.
A deformed k-form is dened to map k Poisson vetor elds to a funtion and has to
be skew-symmetri and linear over C. This is a generalization of the undeformed ase,
where a form has to be linear over the algebra of funtions. Funtions are dened to be
0-forms. The spae of forms Ω⋆M is now a ⋆-bimodule via
(f ⋆ ω ⋆ g)(X1, . . . ,Xk) = f ⋆ ω(X1, . . . ,Xk) ⋆ g. (33)
As expeted, the exterior dierential is dened with the help of the map δ.
δω(X0, . . . ,Xk) =
k∑
i=0
(−1)i δXiω(X0, . . . , Xˆi, . . . ,Xk) (34)
+
∑
0≤i<j≤k
(−1)i+jω([Xi,Xj ]⋆,X0, . . . , Xˆi, . . . , Xˆj , . . . ,Xk). (35)
With the properties of δ and [, ]⋆ it follows that
δ2ω = 0. (36)
To be more expliit we give formulas for a funtion f , a one form A and a two form F
δf(X) = δXf, (37)
δA(X,Y ) = δXAY − δYAX −A[X,Y ]⋆ , (38)
δF (X,Y,Z) = δXFY,Z − δY FX,Z + δZFX,Y , (39)
−F[X,Y ]⋆,Z + F[X,Z]⋆,Y − F[Y,Z]⋆,X .
A wedge produt may be dened
ω1 ∧ ω2(X1, . . . ,Xp+q) = 1
p!q!
∑
I,J
ε(I, J)ω1(Xi1 , . . . ,Xip) ⋆ ω2(Xj1 , . . . ,Xjq ) (40)
where (I, J) is a partition of (1, . . . , p + q) and ε(I, J) is the sign of the orresponding
permutation. The wedge produt is linear and assoiative and generalizes the bimodule
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struture (33). We note that it is no more graded ommutative. We again give some
formulas.
(f ∧ a)X = f ⋆ aX , (41)
(a ∧ f)X = aX ⋆ f, (42)
(a ∧ b)X,Y = aX ⋆ bY − aY ⋆ bX . (43)
The dierential (35) fullls the graded Leibniz rule
δ(ω1 ∧ ω2) = δω1 ∧ ω2 + (−1)k2 ω1 ∧ δω2. (44)
Now we are able to translate nonommutative gauge theory into the language of these
forms. AX is the onnetion one form evaluated on the vetor eld X. It transforms like
δαA = δΛα + iΛα ∧A−A ∧ Λα. (45)
The ovariant derivative of a eld is now
DΨ = δΨ − iA ∧Ψ, (46)
and the eld strength beomes
F = DF = δA − iA ∧A. (47)
One easily an show that the eld strength is a ovariant onstant
DF = δF − iA ∧ F = 0. (48)
2.5 Seiberg-Witten gauge theory
Up to now, we ould only do nonommutative gauge theory for gauge groups U(n) (see
(18)). We will now show how to implement general gauge groups by using Seiberg-Witten
maps [4, 8℄.
For general gauge groups, the ommutator of two nonommutative gauge transforma-
tions no longer loses into the Lie algebra. The nonommutative gauge parameter and
the nonommutative gauge potential will therefore have to be enveloping algebra valued,
but they will only depend on their ommutative ounterparts, therefore preserving the
right number of degrees of freedom. These Seiberg-Witten maps Λ, Ψ and D are fun-
tionals of their lassial ounterparts and additionally of the gauge potential ai. Their
transformation properties (19) and (20) should be indued by the lassial ones (2) and
(4) like
Λ̂β[a] + δ̂αΛ̂β[a] = Λ̂β [a+ δαa], (49)
Ψ̂ψ[a] + δ̂αΨ̂ψ[a] = Ψ̂ψ+δαψ[a+ δαa], (50)
Â[a] + δ̂αÂ[a] = Â[a+ δαa]. (51)
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The Seiberg-Witten maps an be found order by order using a ⋆-produt to represent
the algebra on a spae of funtions. Translated into this language we get for the elds [6℄
δαΨψ[a] = iΛα[a] ⋆Ψψ[a]. (52)
From (52) we an derive a onsisteny ondition for the nonommuative gauge param-
eter [8℄. Insertion into (18) and the use of (3) yields
iδαΛβ − iδβΛα + [Λα ⋆, Λβ] = iΛ−i[α,β]. (53)
The transformation law for the ovariantizer is now
δα(D[a](f)) = i[Λα[a] ⋆, D[a](f)]. (54)
The Seiberg-Witten-map an be easily extended to the derivations δX of the ⋆-produt.
The nonommutative ovariant derivative DX [a] an be written with the help of a nonom-
mutative gauge potential AX [a] now depending both on the ommutative gauge potential
a and the vetoreld X
DX [a]Ψψ[a] = δXΨψ[a]− iAX [a] ⋆Ψψ[a]. (55)
It follows that the gauge potential has to transform like
δαAX [a] = δXΛα[a] + i[Λα[a] ⋆, AX [a]]. (56)
We will give expliit formulas for the Seiberg-Witten maps in the hapters 3.3 and 4.2.
2.6 Gauge theory on urved nonommutative spaetime
We are now ready to formulate gauge theory on a urved nonommutative spae, i.e. a
nonommutative spae with a Poisson struture that is ompatible with a frame ea. Later
on we will propose a method how to nd suh frames ommuting with the Poisson struture
in the ontext of quantum spaes.
With the derivation δX , the ovariant derivative of a eld and the gauge potential now
read
DXΨψ = δXΨψ − iAX ⋆Ψψ. (57)
With this, a eld strength may be dened as
iFX,Y = [DX ⋆, DY ]−D[X,Y ]⋆. (58)
The properties of δ· and [ · , · ]⋆ ensure that this is really a funtion and not a polydierential
operator.
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For a urved nonommutative spae, we an now evaluate the nonommutative ovari-
ant derivative (57) and eld strength (58) on the frame ea
DaΦ = DeaΦ = δeaΦ− iAea ⋆ Φ, (59)
Fab = F (ea, eb). (60)
To write down a gauge invariant ation we further need a trae, i. e. a funtional from
the algebra to the omplex numbers. Again the ⋆-produt will be a useful tool. For a large
lass of ⋆-produts there exist measure funtions Ω so that∫
f ⋆ g =
∫
dnxΩ(f ⋆ g) (61)
and ∫
f ⋆ g =
∫
g ⋆ f. (62)
Obviously up to rst order Ω has to fulll [9℄
∂µ(Ωπ
µν) = 0. (63)
It is known [10℄ that there is always a ⋆-produt for whih this equation holds up to all
orders.
Using the measure funtion and our nonommutative versions of eld strength and
ovariant derivative we end up with the following ation
S =
∫
dnxΩ (−1
4
ηabηcdFac ⋆ Fbd + η
abDaΦ ⋆ DbΦ−m2Φ ⋆ Φ). (64)
By onstrution this ation is invariant under nonommutative gauge transformations
δαS = 0. (65)
Its lassial limit is
S →
∫
dnxΩ (−1
4
gαβgγδfαγfβδ + g
αβDαφ¯Dβφ−m2φ¯φ), (66)
with gαβ the metri indued by the frame. In our example (see 2.7 and 3.4), we will further
have Ω =
√
g and the interpretation of the lassial limit is obvious.
We will now propose a method how to nd Poisson strutures and ompatible frames.
On several quantum spaes deformed derivations have been onstruted [11, 12, 13℄. In
most ases the deformed Leibniz rule may be written in the following form
∂ˆµ(fˆ gˆ) = ∂ˆµfˆ gˆ + Tˆµ
ν(fˆ)∂ˆν gˆ, (67)
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where Tˆ is an algebra morphism from the quantum spae to its matrix ring
Tˆµ
ν(fˆ gˆ) = Tˆµ
α(fˆ)Tˆα
ν(gˆ). (68)
Again in some ases it is possible to implement this morphism with some kind of inner
morphism
Tˆµ
ν(fˆ) = eˆµ
afˆ eˆa
ν , (69)
where eˆa
µ
is an invertible matrix with entries from the quantum spae. If we dene
eˆa = eˆa
µ∂ˆµ, (70)
the eˆa are derivations
eˆa(fˆ gˆ) = eˆa(fˆ)gˆ + fˆ eˆa(gˆ). (71)
The dual formulation of this with ovariant dierential aluli on quantum spaes is the
formalism with ommuting frames investigated for example in [14, 15, 16, 17℄. There one
an additionally nd how our formalism ts into the language of Connes' spetral triples.
We an now represent the quantum spae with the help of a ⋆-produt. For example
we an use the Weyl ordered ⋆-produt we will onstrut in setion 3.1. Further we an
alulate the ation of the operators eˆa on funtions. Sine these are now derivations of a
⋆-produt, there neessarily exist Poisson vetor elds ea with
δea = eˆa. (72)
2.7 Example: SOa(n)
In this setion will examine a quantum spae introdued in [18℄. Sine we are using a
n-dimensional generalisation we will simply all it SOa(n) ovariant quantum spae. The
relations of this quantum spae are
[x̂0, x̂i] = iax̂i for i 6= 0, (73)
with a a real number. In the following of the example Greek indies will run from 0 to
n− 1, whereas Latin indies will run from 1 to n− 1. The deformed derivations ommute
and at like
∂ˆoxˆ
0 = 1 + xˆ0∂ˆo,
∂ˆoxˆ
i = xˆi∂ˆo, (74)
∂ˆixˆ
j = δji + xˆ
j ∂ˆi,
∂ˆixˆ
0 = (xˆ0 + ia)∂ˆi,
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If we dene ρˆ =
√∑
i(xˆ
i)2 and assume that it is invertible then
eˆo = ∂ˆ0, (75)
eˆi = ρˆ∂ˆi
is a frame on the quantum spae. The lassial limit of this is obviously
eo = ∂0, (76)
ei = ρ∂i
and the lassial metri beomes
g = (dx0)2 + ρ−2((dx1)2 + · · ·+ (dxn−1)2). (77)
We know that we an write
(dx1)2 + · · · + (dxn−1)2 = dρ2 + ρ2dΩ2n−2, (78)
where dΩ2n−2 is the metri of the n−2 dimensional sphere. Therefore in this new oordinate
system
g = (dx0)2 + (d ln ρ)2 + dΩ2n−2 (79)
and we see that the lassial spae is a ross produt of two dimensional Eulidean spae
and a n − 2-sphere. Therefore it is a spae of onstant non vanishing urvature. Further
the measure funtion is √
det g = ρ−(n−1). (80)
We will ontinue this example at the end of setion 3, where we will have expliit
formulas for the ⋆-produt.
3 Weyl-ordered ⋆-produt
To pursue our investigation further, we will have to use a spei ⋆-produt and onstrut
expliit expressions for the terms that enter into the ation (64).
For the ase of onstant Poisson struture, one usually uses the Moyal-Weyl ⋆-produt,
orresponding to symmetri ordering of the generators of the nonommutative algebra.
This proedure of generating a ⋆-produt by an ordering presription an be applied to
more general algebras, too.
In this setion we will therfore use a ⋆-produt generated by symmetri ordering of
the generators of a nonommutative algebra, the Weyl-ordered ⋆-produt. The algebra of
funtions equipped with the Weyl-ordered ⋆-produt is isomorphi by onstrution to the
nonommutative algebra it is based on.
We will present a general formula for the Weyl-ordered ⋆-produt up to seond order.
We will then alulate the derivations to this ⋆-produt and the Seiberg-Witten maps for
all relevant quantities.
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3.1 Constrution
We start with an algebra generated by N elements xˆi and relations
[xˆi, xˆj ] = cˆij(xˆ). (81)
For suh an algebra we will alulate a ⋆-produt up to seond order. Let
f(p) =
∫
dnx f(x)eipix
i
(82)
be the Fourier transform of f . Then the Weyl ordered operator assoiated to f is dened
by
W (f) =
∫
dnp
(2π)n
f(p)e−ipixˆ
i
(83)
(see e. g. [5℄) . Every monomial of oordinate funtions is mapped to the orresponding
Weyl ordered monomial of the algebra. We note that
W (eiqix
i
) = eiqixˆ
i
. (84)
The Weyl ordered ⋆-produt is dened by the equation
W (f ⋆ g) = W (f)W (g). (85)
If we insert the Fourier transforms of f and g we get
f ⋆ g =
∫
dnk
(2π)n
∫
dnp
(2π)n
f(k)g(p)W−1(e−ikixˆ
i
e−ipixˆ
i
). (86)
We are therefore able to write down the ⋆-produt of the two funtions if we know the
form of the last expression. For this we expand it in terms of ommutators. We use
eAˆeBˆ = eAˆ+BˆR(Aˆ, Bˆ) (87)
with
R(Aˆ, Bˆ) = 1 +
1
2
[Aˆ, Bˆ] (88)
− 1
6
[Aˆ+ 2Bˆ, [Aˆ, Bˆ]] +
1
8
[Aˆ, Bˆ][Aˆ, Bˆ] +O(3).
If we set Aˆ = −ikixˆi and Bˆ = −ipixˆi the above-mentioned expression beomes
W−1(e−ikixˆ
i
e−ipixˆ
i
) = (89)
14
e−i(ki+pi)x
i
+
1
2
(−iki)(−ipj)W−1(e−i(ki+pi)xˆi [xˆi, xˆj ])
−1
6
(−i)(km + 2pm)(−iki)(−ipj)W−1(e−i(ki+pi)xˆi [[xˆm, [xˆi, xˆj ]]) (90)
+
1
8
(−ikm)(−ipn)(−iki)(−ipj)W−1(e−i(ki+pi)xˆi [xˆm, xˆn][xˆi, xˆj])
+O(3).
If we assume that the ommutators of the generators are written in Weyl ordered form
cˆij = W (cij), (91)
we see that
[xˆm, [xˆi, xˆj ]] = W (cml∂lc
ij) +O(3), (92)
[xˆm, xˆn][xˆi, xˆj ] = W (cmncij) +O(3). (93)
Further we an derive
W−1(eiqixˆ
i
W (f)) = W−1
(∫
dnp
(2π)n
f(p)e−i(qi+pi)xˆ
i
R(−iqixˆi,−ipixˆi)
)
= e−iqix
i
(
f +
1
2
(−iqi)cij∂jf
)
+O(2). (94)
Putting all this together yields
W−1(e−ikixˆ
i
e−ipixˆ
i
) = e−i(ki+pi)x
i
(
1 +
1
2
cij(−iki)(−ipj) (95)
+
1
8
cmncij(−ikm)(−ipn)(−iki)(−ipj)
+
1
12
cml∂lc
ij(−i)(km − pm)(−iki)(−ipj)
)
+ O(3),
and we an write down the Weyl ordered ⋆-produt up to seond order for an arbitrary
algebra
f ⋆ g = fg +
1
2
cij∂if∂jg (96)
+
1
8
cmncij∂m∂if∂n∂jg
+
1
12
cml∂lc
ij(∂m∂if∂jg − ∂if∂m∂jg) +O(3).
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Let us ollet some properties of the just alulated ⋆-produt. First
[xi ⋆, xj] = cij (97)
is the Weyl ordered ommutator of the algebra. Further, if there is a onjugation on
the algebra and if we assume that the nonommutative oordinates are real xˆi = xˆi,
then the Weyl ordered monomials are real, too. This is also true for the monomials of
the ommutative oordinate funtions. Therefore this ⋆-produt respets the ordinary
omplex onjugation
f ⋆ g = g ⋆ f. (98)
On the level of the Poisson tensor this means
cij = −cij . (99)
If we have a measure funtion Ω with ∂i(Ωc
ij) = 0, then∫
dnxΩ f ⋆ g =
∫
dnxΩ g ⋆ f +O(3). (100)
3.2 Derivations
We now want to alulate the derivations δX of the Weyl-ordered ⋆-produt (96) from the
derivations X of the Poisson struture cij up to seond order. We assume that δX an be
expanded in the following way
δX = X
i∂i + δ
ij
X∂i∂j + δ
ijk
X ∂i∂j∂k + · · · . (101)
Expanding the equation
δX(f ⋆ g) = δX(f) ⋆ g + f ⋆ δX(g) (102)
order by order and using [X, c]S = 0 we nd that
δX = X
i∂i − 1
12
clk∂kc
im∂l∂mX
j∂i∂j (103)
+
1
24
clkcim∂l∂iX
j∂k∂m∂j +O(3).
For [ · , · ]⋆ we simply alulate [δX , δY ] and get
[X,Y ]⋆ = [X,Y ]L (104)
− 1
12
(clk∂kc
im∂l∂mX
j∂i∂jY
n − clk∂kcim∂l∂mY j∂i∂jXn)∂n
+
1
24
(clkcim∂l∂iX
j∂k∂m∂jY
n − clkcim∂l∂iY j∂k∂m∂jXn)∂n
+O(3).
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3.3 Expliit formulas for the Seiberg-Witten map
We will now present a onsistent solution for the Seiberg-Witten-maps up to seond order
for the Weyl ordered ⋆-produt and non-abelian lassial gauge transformations. The
solutions have been hosen in suh a way that they reprodue the ones obtained in [6℄ for
the onstant ase.
The solution for the gauge transformations is obtained by solving the onsisteny
ondition (53) order by order
Λα[a] = α− i
4
cij{∂iα, aj}
+
1
32
cijckl
(
4{∂iα, {ak, ∂laj}} − 2i[∂i∂kα, ∂jal]
+2[∂jal, [∂iα, ak]]− 2i[[aj , al], [∂iα, ak]] (105)
+i{∂iα, {ak, [aj , al]}}+ {aj , {al, [∂iα, ak]}}
)
+
1
24
ckl∂lc
ij
(
{∂iα, {ak, aj}} − 2i[∂i∂kα, aj ]
)
+O(3).
In the same way a solution for the eld is obtained by solving equation (52)
Ψψ[a] = ψ +
1
4
cij
(
2iai∂jψ + aiajψ
)
+
1
32
cijckl
(
4i∂iak∂j∂lψ − 4aiak∂j∂lψ − 8ai∂jak∂lψ
+4ai∂kaj∂lψ + 4iaiajak∂lψ − 4iakajai∂lψ
+4iajakai∂lψ − 4∂jakai∂lψ + 2∂iak∂jalψ
−4iaial∂kajψ − 4iai∂kajalψ + 4iai∂jakalψ (106)
−3aiajalakψ − 4aiakajalψ − 2aialakajψ
)
+
1
24
ckl∂lc
ij
(
2iaj∂k∂iψ + 2i∂kai∂jψ + 2∂kaiajψ
−akai∂jψ − 3aiak∂jψ − 2iajakaiψ
)
+O(3).
From (54) the ovariantizer beomes
D[a](f) = f + icijai∂jf
+14c
ijckl
(
− 2{ai, ∂jak}∂lf + {ai, ∂kaj}∂lf
+i{ai, [aj , ak]}∂lf − {ai, ak}∂j∂lf
)
+14c
il∂lc
jk{ai, ak}∂jf +O(3).
(107)
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With (56) the NC gauge potential is
AX = X
nan +
i
4
cklXn{ak, ∂lan + fln}+ i
4
ckl∂lX
n{ak, an}
+
1
32
cklcijXn
(
− 4i[∂k∂ian, ∂laj ] + 2i[∂k∂nai, ∂laj ]− 4{ak, {ai, ∂jfln}}
−2[[∂kai, an], ∂laj ] + 4{∂lan, {∂iak, aj}} − 4{ak, {fli, fjn}}
+i{∂naj , {al, [ai, ak]}} + i{ai, {ak, [∂naj , al]}} − 4i[[ai, al], [ak, ∂jan]]
+2i[[ai, al], [ak, ∂naj ]] + {ai, {ak, [al, [aj , an]]}}
−{ak, {[al, ai], [aj , an]}} − [[ai, al], [ak, [aj , an]]]
)
+
1
32
cklcij∂jX
n
(
2i[∂kai, ∂lan] + 2i[∂iak, ∂lan] + 2i[∂iak, ∂lan − ∂nal]
+4{an, {al, ∂kai}}+ 4{ak, {ai, ∂nal − ∂lan}} − 2i{ak, {ai, [an, al]}}
+i{ai, {al, [an, ak]}}+ i{an, {al, [ai, ak]}}
)
(108)
+
1
24
cklcij∂l∂jX
n
(
∂i∂kan − 2i[ai, ∂kan]− {an, {ak, ai}}
)
+
1
24
ckl∂lc
ijXn
(
2i[aj , ∂k∂ian] + 2i[∂kai, fjn]
−{∂jan, {ak, ai}} + 2{ai, {ak, fnj}}
)
+
1
24
ckl∂lc
ij∂jX
n
(
− 4i[ai, ∂kan] + 2i[ak, ∂ian]− {an, {ak, ai}}
)
− 1
12
ckl∂lc
ij∂j∂kX
n∂ian +O(3).
The resulting eld strength is
Fab = F (Xa,Xb) = X
k
aX
l
bfkl +
i
2
cij{ai, ∂j(XkaX lbfkl)} (109)
+
i
2
cijXkaX
l
b{fjl, fki}+
1
4
cijXkaX
l
b{ai, [aj , fkl]}+O(2).
The ovariant derivative is
DaΦ = DXaΦ = δXaΦ− iAXa ⋆ Φ (110)
= XkaDkφ+
i
2
Xkafkic
ijDjφ
+
i
2
cijai∂j(X
k
aDkφ) +
1
4
cijaiajX
k
aDkφ+O(2).
Using partial integration and the trae property of the integral, i.e. ∂µ(Ωc
µν) = 0, we an
alulate
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S˜gauge =
∫
dnxΩ ηabηcdFac ⋆ Fbd (111)
=
∫
dnxΩ ηabηcdXµaX
ν
cX
ρ
bX
σ
d fµνfρσ
+
∫
d4xΩ ηabηcd
( i
4
cij [ai, [∂j(X
µ
aX
ν
c fµν),X
ρ
bX
σ
d fρσ]]
+
i
8
cijXµaX
ν
cX
ρ
bX
σ
d {fµν , {fij , fρσ}} −
1
4
cijXµaX
ν
cX
ρ
bX
σ
d [fµνai, fρσaj ]
−1
4
cijXµaX
ν
cX
ρ
bX
σ
d [aifµν , ajfρσ] +
i
2
cijXµaX
ν
cX
ρ
bX
σ
d {fµν , {fjσ, fρi}}
)
+O(2).
Therefore the ation for the gauge partiles is
Sgauge = −1
4
tr(S˜gauge) (112)
=
∫
dnxΩ ηabηcdXµaX
ν
cX
ρ
bX
σ
d
(
− 1
4
tr(fµνfρσ)
− i
8
cijtr(fijfµνfρσ)− i
2
cijtr(fµνfjσfρi)
)
+O(2).
With cij = −cij we get
Sscalar =
∫
dnxΩ ηabDaΦ ⋆ DbΦ (113)
=
∫
dnxΩ ηab
(
X
µ
aX
ν
bDµφDνφ
+
i
2
cijX
µ
aX
ν
bDµφfνiDjφ+
i
2
cijX
µ
aX
ν
bDjφfνiDµφ
+
i
2
cijX
µ
aX
ν
bDµφfijDνφ
)
+O(2)
for the salar elds.
3.4 Example: SOa(n)
Now we ontinue our example from hapter 2.7. It is easy to see that the Poisson tensor
orresponding to the algebra is
cµν = iaδµ0 δ
ν
i x
i − iaδν0δµi xi. (114)
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Sine we are dealing here with the ase of a Lie algebra we surely have W (cµν) = [xˆµ, xˆν ].
The xˆi ommute with eah other, therefore we get with ρ =
√
xixi
W (ρ) = ρˆ. (115)
The omponents of the frame (eα = Xα
µ∂u) are
X
µ
0 = δ
µ
0 , (116)
X
µ
i = ρδ
µ
i .
These we an plug into our solution of the Seiberg-Witten map and get
Λλ[a] = λ+
a
4
xi{∂0λ, ai} − a
4
xi{∂iλ, a0}+O(a2),
Φφ[a] = φ− a
2
xia0∂iφ+
a
2
xiai∂0φ+
ia
4
xi[a0, ai]φ+O(a2),
AX0 = a0 −
a
4
xi{a0, ∂ia0 + fi0}+ a
4
xi{ai, ∂0a0}+O(a2), (117)
AXj = ρaj −
a
4
ρ{aj , a0} − a
4
ρxi{a0, ∂iaj + fij}+ a
4
ρxi{ai, ∂0aj + f0j}+O(a2),
δXµ = X
ν
µ∂ν +O(a2).
A measure funtion indued by the trae property of the integral up to seond order is
Ω = ρ−(n−1). (118)
We note that
Ω =
√
g, (119)
where gαβ is the lassial metri indued by the nonommutative frame (see setion 2).
With this measure funtion the ations beome
Sgauge = −1
2
∫
dnx ρ3−nη00ηijTr(f0if0j)− 1
4
∫
d4x ρ5−nηklηijTr(fkiflj) (120)
−a
2
∫
dnx ρ3−nη00ηijxpTr(f0pf0if0j) +
a
4
∫
d4x ρ5−nηklηijxpTr(f0pfkiflj)
−a
2
∫
dnx ρ5−nηklηijxpTr(fjp{fki, fl0}) +O(a2)
and
Sscalar =
∫
dnx ρ1−nη00D0φD0φ+
∫
dnx ρ3−nηklDkφDlφ (121)
−a
2
∫
dnx ρ3−nηklxiDkφfl0Diφ+
a
2
∫
dnx ρ3−nηklxiDkφfliD0φ
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−a
2
∫
dnx ρ3−nηklxiDiφfl0Dkφ+
a
2
∫
dnx ρ3−nηklxiD0φfliDkφ
−a
∫
dnx ρ3−nηklxiDkφf0iDlφ+O(a2).
In the lassial limit a → 0 the ation redues to salar eletrodynamis on a urved
bakground or its nonabelian generalization, respetively.
4 Formality
The Weyl-ordered ⋆-produt of the last setion is very useful for expliit alulations, but
these an only be done in a perturbative way order by order. Also, it is only known
in general up to the seond order we alulated in hapter 3.1. For losed expessions
and questions of existene, Kontsevih's Formality ⋆-produt [19℄ is the better hoie. It
is known to all orders and omes with a strong mathematial framework, in whih the
derivations are obtained in a very natural way.
4.1 The Formality Map
Kontsevih's Formality map [19℄ is a very useful tool for studying the relations between
Poisson tensors and ⋆-produts. To make use of the Formality map we rst want to reall
some denitions. A polyvetor eld is a skew-symmetri tensor in the sense of dierential
geometry. Every n-polyvetor eld α may loally be written as
α = αi1...in ∂i1 ∧ . . . ∧ ∂in . (122)
We see that the spae of polyvetor elds an be endowed with a grading n. For polyvetor
elds there is a grading respeting braket that in a natural way generalizes the Lie braket
[ · , · ]L of two vetor elds, the Shouten-Nijenhuis braket. For an exat denition see
A.1. If π is a Poisson tensor, the Hamiltonian vetor eld Hf for a funtion f is
Hf = [π, f ]S = −πij∂if∂j. (123)
Note that [π, π]S = 0 is the Jakobi identity of a Poisson tensor.
On the other hand a n-polydierential operator is a multilinear map that maps n
funtions to a funtion. For example, we may write a 1-polydierential operator D as
D(f) = D0f +D
i
1∂if +D
ij
2 ∂i∂jf + . . . . (124)
The ordinary multipliation · is a 2-polydierential operator. It maps two funtions to
one funtion. Again the number n is a grading on the spae of polydierential operators.
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Now the Gerstenhaber braket is natural and respets the grading. For a exat denition
see A.2.
The Formality map is a olletion of skew-symmetri multilinear maps Un, n = 0, 1, . . .,
that maps n polyvetor elds to am-dierential operator. To be more spei let α1, . . . , αn
be polyvetor elds of grade k1, . . . , kn. Then Un(α1, . . . , αn) is a polydierential operator
of grade
m = 2− 2n +
∑
i
ki. (125)
In partiular the map U1 is a map from a k-vetoreld to a k-dierential operator. It is
dened by
U1(α
i1...in∂i1 ∧ . . . ∧ ∂in)(f1, . . . , fn) = αi1...in∂i1f1 · . . . · ∂infn. (126)
The formality maps Un fulll the formality ondition [19, 20℄
Q′1Un(α1, . . . , αn) +
1
2
∑
I⊔J={1,...,n}
I,J 6=∅
ǫ(I, J)Q′2(U|I|(αI), U|J |(αJ)) (127)
=
1
2
∑
i 6=j
ǫ(i, j, . . . , iˆ, . . . , jˆ, . . . , n)Un−1(Q2(αi, αj), α1, . . . , α̂i, . . . , α̂j , . . . , αn). (128)
The hats stand for omitted symbols, Q′1(Υ) = [Υ, µ] with µ being ordinary multipliation
and Q′2(Υ1,Υ2) = (−1)(|Υ1|−1)|Υ2|[Υ1,Υ2]G with |Υs| being the degree of the polydif-
ferential operator Υs, i.e. the number of funtions it is ating on. For polyvetorelds
α
i1...iks
s ∂i1 ∧ . . . ∧ ∂iks of degree ks we have Q2(α1, α2) = −(−1)(k1−1)k2 [α2, α1]S .
For a bivetoreld π we an now dene a bidierential operator
⋆ =
∞∑
n=0
1
n!
Un(π, . . . , π) (129)
i.e.
f ⋆ g =
∞∑
n=0
1
n!
Un(π, . . . , π)(f, g). (130)
We further dene the speial polydierential operators
Φ(α) =
∞∑
n=1
1
(n− 1)!Un(α, π, . . . , π), (131)
Ψ(α1, α2) =
∞∑
n=2
1
(n− 2)!Un(α1, α2, π, . . . , π). (132)
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For g a funtion, X and Y vetorelds and π a bivetoreld we see that
δX = Φ(X) (133)
is a 1-dierential operator and that both φ(g) and Ψ(X,Y ) are funtions.
We now use the formality ondition (127) to alulate
[⋆, ⋆]G = Φ([π, π]S), (134)
[Φ(f), ⋆]G = −Φ([f, π]S), (135)
[δX , ⋆]G = Φ([X,π]S), (136)
[δX , δY ]G + [Ψ(X,Y ), ⋆]G = δ[X,Y ]S +Ψ([θ, Y ]S ,X) −Ψ([θ,X]S , Y ), (137)
[Φ(π),Φ(g)]G + [Ψ(π, g), ⋆]G = −δ[π,g]S −Ψ([θ, g]S , π)−Ψ([θ, π]S , g), (138)
[δX ,Φ(g)]G = φ([X, g]S)−Ψ([θ, g]S ,X)−Ψ([θ,X]S , g). (139)
If π is Poisson, i. e. [π, π]S = 0 and if X and Y are Poisson vetor elds, i. e. [X,π]S =
[Y, π]S = 0, the relations (134) to (137) beome
f ⋆ (g ⋆ h) = (f ⋆ g) ⋆ h,
δHf (g) = −[Φ(f) ⋆, g],
δX(f ⋆ g) = δX(f) ⋆ g + f ⋆ δX(g), (140)
([δX , δY ]− δ[X,Y ]L)(g) = [Ψ(X,Y ) ⋆, g].
when evaluated on funtions. [ · , · ] are now ordinary brakets. ⋆ denes an assoiative
produt, the Hamiltonian vetor elds are mapped to inner derivations and Poisson vetor
elds are mapped to outer derivations of the ⋆-produt. Note that in [21℄ non-assoiative
⋆-produts arised when urved D-branes were onsidered on urved bakgrounds.
Additionally the map δ preserves the braket up to an inner derivation. The last
equation an be ast into a form we used extensively in the denition of our deformed
forms;
[δX , δY ] = δ[X,Y ]⋆ (141)
with
[X,Y ]⋆ = [X,Y ]L +HΦ−1Ψ(X,Y ). (142)
4.2 Constrution of the Seiberg-Witten map
With the formality ⋆-produt and the derivations on it we have all the key ingredients to do
NC gauge theory on any Poisson manifold. To relate the NC theory to ommutative gauge
theory, we need the Seiberg-Witten maps for the formality ⋆-produt. In [22℄ and [23℄ the
SW maps for the NC gauge parameter and the Covariantizer were already onstruted to
all orders in θ. We will extend the method developed there to the SW map for ovariant
derivations.
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4.2.1 Semi-lassial onstrution
We will rst do the onstrution in the semi-lassial limit, where the star ommutator
is replaed by the Poisson braket. As in [22℄ and [23℄, we dene, with the help of the
Poisson tensor θ = 12θ
kl∂k ∧ ∂l
dθ = −[·, θ] (143)
and (loally)
aθ = θ
ijaj∂i. (144)
Note that the braket used in the denition of dθ is not the Shouten-Nijenhuis braket
(A.1). For polyvetorelds π1 and π2 it is
[π1, π2] = −[π2, π1]S , (145)
giving an extra minus sign for π1 and π2 both even (see B.3.2). Espeially, we get for dθ
ating on a funtion g
dθg = −[g, θ] = [g, θ]S = θkl∂lg∂k. (146)
Now a parameter t and t-dependent θt =
1
2θ
kl
t ∂k ∧ ∂l and Xt = Xkt ∂k are introdued,
fullling
∂tθt = fθ = −θtfθt and ∂tXt = −Xtfθt, (147)
where the multipliation is ordinary matrix multipliation. Given the Poisson tensor θ
and the Poisson vetoreld X, the formal solutions are
θt = θ
∞∑
n=0
(−t fθ)n = 1
2
(θkl − tθkifijθjl + . . .)∂k ∧ ∂l (148)
and
Xt = X
∞∑
n=0
(−t fθ)n = Xk∂k − tXifijθjk∂k + . . . . (149)
θt is still a Poisson tensor and Xt is still a Poisson vetoreld, i.e.
[θt, θt] = 0 and [Xt, θt] = 0. (150)
For the proof see B.1.
With this we alulate
fθ = ∂tθt = −θtfθt = −[aθ, θ] = dθaθ. (151)
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We now get the following ommutation relations
[aθt + ∂t, dθt(g)] = dθt((aθt + ∂t)(g)), (152)
[aθt + ∂t,Xt] = −dθt(Xkt ak), (153)
where g is some funtion whih might also depend on t (see B.3.1).
To onstrut the Seiberg-Witten map for the gauge potential AX , we rst dene
Kt =
∞∑
n=0
1
(n+ 1)!
(aθt + ∂t)
n. (154)
With this, the semi-lassial gauge parameter reads [22, 23℄
Λλ[a] = Kt(λ)
∣∣∣
t=0
. (155)
To see that this has indeed the right transformation properties under gauge transforma-
tions, we rst note that the transformation properties of aθt and X
k
t ak are
δλaθt = θ
kl
t ∂lλ∂k = dθtλ (156)
and
δλ(X
k
t ak) = X
k
t ∂kλ = [Xt, λ]. (157)
Using (156,157) and the ommutation relations (152,153), a rather tedious alulation (see
B.2) shows that
δλKt(X
k
t ak) = X
k
t ∂kKt(λ) + dθt(Kt(λ))Kt(X
k
t ak). (158)
Therefore, the semi-lassial gauge potential is
AX [a] = Kt(X
k
t ak)
∣∣∣
t=0
. (159)
4.2.2 Quantum onstrution
We an now use the Kontsevih formality map to quantise the semi-lassial onstrution.
All the semi-lassial expressions an be mapped to their ounterparts in the ⋆-produt
formalism without loosing the properties neessary for the onstrution. One higher order
term will appear, xing the transformation properties for the quantum objets.
The star-produt we will use is
⋆ =
∞∑
n=0
1
n!
Un(θt, . . . , θt). (160)
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We dene
d⋆ = −[·, ⋆]G , (161)
whih for funtions f and g reads
d⋆(g) f = [f ⋆, g]. (162)
The braket used in the denition of d⋆ is the Gerstenhaber braket (A.2). We now
alulate the ommutators (152) and (153) in the new setting (see B.3.2). We get
[Φ(aθt) + ∂t, d⋆(Φ(g))] = d⋆((Φ(aθt) + ∂t)Φ(f)), (163)
[Φ(aθt) + ∂t,Φ(Xt)] = −d⋆(Φ(Xkt ak)−Ψ(aθt ,Xt)). (164)
The higher order term Ψ(aθt ,Xt) has appeared, but looking at the gauge transformation
properties of the quantum objets we see that it is atually neessary. We get
δλΦ(aθt) = Φ(dθtλ) = d⋆Φ(λ) (165)
with (141) and (156) and
δλ(Φ(X
k
t ak)−Ψ(aθ,Xt)) = Φ([Xt, λ])−Ψ(dθλ,Xt) (166)
= [Φ(Xt),Φ(λ)] −Ψ([θt, λ],Xt)
+Ψ([θt,Xt], λ)−Ψ(dθλ,Xt)
= [Φ(Xt),Φ(λ)]
= δXtΦ(λ),
where the addition of the new term preserves the orret transformation property. With
K⋆t =
∞∑
n=0
1
(n+ 1)!
(Φ(aθt) + ∂t)
n, (167)
a alulation analogous to the semi-lassial ase gives
δλ(K
⋆
t (Φ(X
k
t ak)−Ψ(aθt ,Xt))) = δXtK⋆t (Φ(λ)) (168)
+d⋆(K
⋆
t (Φ(λ)))K
⋆
t (Φ(X
k
t ak)−Ψ(aθt ,Xt)).
As in [22, 23℄, the NC gauge parameter is
Λλ[a] = K
⋆
t (Φ(λ))
∣∣∣
t=0
, (169)
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and we therefore get for the NC gauge potential
AX [a] = K
⋆
t (Φ(X
k
t ak)−Ψ(aθt ,Xt))
∣∣∣
t=0
, (170)
transforming with
δλAX = δXΛλ − [Λλ ⋆, AX ]. (171)
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A Denitions
A.1 The Shouten-Nijenhuis braket
The Shouten-Nijenhuis braket for multivetorelds π
i1...iks
s ∂i1 ∧ . . .∧ ∂iks an be written
as ([20℄,IV.2.1):
[π1, π2]S = (−1)k1−1π1 • π2 − (−1)k1(k2−1)π2 • π1, (172)
π1 • π2 =
k1∑
l=1
(−1)l−1πi1...ik11 ∂lπ
j1...jk2
2 ∂i1 ∧ . . . ∧ ∂̂il ∧ . . . ∧ ∂ik1 ∧ ∂j1 ∧ . . . ∧ ∂jk2 , (173)
where the hat marks an omitted derivative.
For a funtion g, vetorelds X = Xk∂k and Y = Y
k∂k and a bivetoreld π =
1
2π
kl∂k ∧ ∂l we get:
[X, g]S = X
k∂kg, (174)
[π, g]S = −πkl∂kg∂l, (175)
[X,π]S =
1
2
(Xk∂kπ
ij − πik∂kXj + πjk∂kXi)∂i ∧ ∂j , (176)
[π, π]S =
1
3
(πkl∂lπ
ij + πil∂lπ
jk + πjl∂lπ
ki)∂k ∧ ∂i ∧ ∂j . (177)
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A.2 The Gerstenhaber braket
The Gerstenhaber braket for polydierential operators As an be written as ([20℄,IV.3):
[A1, A2]G = A1 ◦A2 − (−1)(|A1|−1)(|A2|−1)A2 ◦ A1, (178)
(A1 ◦ A2)(f1, . . . fm1+m2−1) (179)
=
m1∑
j=1
(−1)(m2−1)(j−1)A1(f1, . . . fj−1, A2(fj , . . . , fj+m2−1), fj+m2 , . . . , fm1+m2−1),
where |As| is the degree of the polydierential operator As, i.e. the number of funtions
it is ating on.
For funtions g and f , dierential operators D1and D2 of degree one and P of degree
two we get
[D, g]G = D(g),
[P, g]G(f) = P (g, f)− P (f, g),
[D1,D2]G(g) = D1(D2(g)) −D2(D1(g)),
[P,D]G(f, g) = P (D(f), g) + P (f,D(g)) −D(P (f, g)). (180)
B Calulations
B.1 Calulation of [θt, θt] and [θt, Xt]
We want to show that θt is still a Poisson tensor and that Xt still ommutes with θt.
For this we rst dene θ(n)kl = (θf)
n = θkifij . . . θ
rsfsl = fliθ
ij . . . frsθ
sk = (fθ)n and
θ(n)kl = θ(fθ)n = θkifij . . . frsθ
sl
. In the alulations to follow we will sometimes drop
the derivatives of the polyvetorelds and assoiate πk1...kn with πk1...kn 1
n
∂k1 ∧ . . .∧∂knfor
simpliity. All the alulations are done loally.
We evaluate
[θt, θt]S = θ
kl
t ∂lθ
ij
t + .p. in (kij) (181)
=
∞∑
n,m=0
m∑
o=0
(−t)n+mθ(n)krθ(o)isθ(m− o)jpθrl∂lθsp + .p. in (kij)
+
∞∑
n,m=0
m∑
o=0
(−t)n+m+1θ(n)klθ(o)isθ(m− o)pj∂lfsp + .p. in (kij)
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=∞∑
n,m,o=0
(−t)n+m+oθ(n)krθ(o)isθ(m)jpθrl∂lθsp + .p. in (kij)
−
∞∑
n,m,o=0
(−t)n+m+o+1θ(n)klθ(o)isθ(m)jp∂lfsp + .p. in (kij).
The rst part vanishes beause θt is a Poisson tensor, i.e.
[θ, θ]S = θ
kl∂lθ
ij + .p. in (kij) = 0, (182)
the seond part beause of
∂kfij + .p. in (kij) = 0. (183)
To prove that Xt still ommutes with θt, we rst note that
Xt = X
∞∑
n=0
(−tfθ) = X(1 − tfθt). (184)
With this we an write
[Xt, θt] = [X, θt]− t[Xfθt, θt] (185)
= Xn∂nθ
kl
t − θknt ∂nX l + θlnt ∂nXk
−tXmfmiθint ∂nθklt + tθknt ∂n(Xmfmiθilt )− tθlnt ∂n(Xmfmiθikt )
= Xn∂nθ
kl
t − θknt ∂nX l + θlnt ∂nXk
+tθknt ∂nX
mfmiθ
il
t − tθlnt ∂nXmfmiθikt
+tθknt X
m∂nfmiθ
il
t − tθlnt Xm∂nfmiθikt .
In the last step we used (182). To go on we note that
tθknt X
m∂nfmiθ
il
t − tθlnt Xm∂nfmiθikt = tXnθkmt ∂nfmiθilt , (186)
where we used (183). Making use of the power series expansion and the fat that X
ommutes with θ, i.e.
[X, θ] = Xn∂nθ
kl − θkn∂nX l + θln∂nXk = 0, (187)
we further get
Xn∂nθ
kl
t + tX
nθkmt ∂nfmiθ
il
t =
∞∑
r,s=0
(−t)r+sθ(r)kiXn∂nθijθ(s)lj (188)
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=∞∑
r,s=0
(−t)r+sθ(r)ki θin∂nXjθ(s)lj
−
∞∑
r,s=0
(−t)r+sθ(r)ki θjn∂nXiθ(s)lj.
Therefore (185) reads
[Xt, θt] =
∞∑
r,s=0
(−t)r+sθ(r)ki θ(s)ljθin∂nXj −
∞∑
r,s=0
(−t)r+sθ(r)ki θ(s)ljθjn∂nXi (189)
−θknt ∂nX l + θlnt ∂nXk + tθknt ∂nXmfmiθilt − tθlnt ∂nXmfmiθikt
= 0.
B.2 The transformation properties of Kt
To alulate the transformation properties of Kt(X
k
t ak), we rst evaluate
δλ((aθ + ∂t)
n)Xkak =
n−1∑
i=0
(aθ + ∂t)
idθ(λ)(aθ + ∂t)
n−1−iXkak (190)
=
n−1∑
i=0
i∑
l=0
(
i
l
)
dθ((aθ + ∂t)
l(λ))(aθ + ∂t)
n−1−lXkak
and
(aθ + ∂t)
nδλ(X
kak) (191)
= (aθ + ∂t)
nXk∂kλ
= Xk∂k(aθ + ∂t)
n −
n−1∑
i=0
(aθ + ∂t)
idθ(X
kak)(aθ + ∂t)
n−1−iλ
= Xk∂k(aθ + ∂t)
n
−
n−1∑
i=0
n−1−i∑
j=0
(
n− 1− i
j
)
(−1)n−1−i−j(aθ + ∂t)i+jdθ((aθ + ∂t)n−1−i−j(Xkak))(λ)
= Xk∂k(aθ + ∂t)
n
+
n−1∑
i=0
n−1−i∑
j=0
(
n− 1− i
j
)
(−1)n−1−i−j(aθ + ∂t)i+jdθ(λ)((aθ + ∂t)n−1−i−j(Xkak))
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= Xk∂k(aθ + ∂t)
n
+
n−1∑
i=0
n−1−i∑
j=0
i+j∑
l=0
(
n− 1− i
j
)(
i+ j
l
)
(−1)n−1−i−jdθ((aθ + ∂t)l(λ))((aθ + ∂t)n−1−l(Xkak)).
We go on by simplifying these expressions. Using(
i
l
)
=
(
i− 1
l
)
+
(
i− 1
l − 1
)
for i > l (192)
we get
n−1∑
m=l
m∑
i=0
(
n− 1− i
m− i
)(
m
l
)
(−1)n−1−m =
n−1∑
m=l
(
n
m
)(
m
l
)
(−1)n−1−m. (193)
Using (192) again two times and then using indution we go on to
n−1∑
m=l
(
n
m
)(
m
l
)
(−1)n−1−m =
l∑
i=0
(
n− 1− i
n− 1− l
)
, (194)
giving, after using (192) again
l∑
i=0
(
n− 1− i
n− 1− l
)
=
(
n
l
)
. (195)
Together with
n−1∑
i=l
(
i
l
)
=
(
n
l + 1
)
(196)
these formulas add up to give
n−1∑
m=l
m∑
i=0
(
n− 1− i
m− i
)(
m
l
)
(−1)n−1−m +
n−1∑
i=l
(
i
l
)
=
(
n+ 1
l + 1
)
(197)
and therefore
δλ(Kt(X
kak)) = X
k∂k(Kt(λ)) + dθ(Kt(λ))Kt(X
kak). (198)
B.3 Calulation of the ommutators
B.3.1 Semi-lassial onstrution
We alulate the ommutator (152) (see also [23℄), dropping the t-subsripts on θt for
simpliity and using loal expressions.
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[aθ, dθ(g)] = −θijaj∂iθkl∂kg∂l − θijajθkl∂i∂kg∂l (199)
+θkl∂kg∂lθ
ijaj∂i + θ
kl∂kgθ
ij∂laj∂i
= −θkl∂kθijaj∂ig∂l − θklθijaj∂k∂ig∂l − θklθij∂jak∂ig∂l
= +θijfjkθ
kl∂ig∂l − θkl∂k(θijaj∂ig)∂l
= −dθfθg + dθ(aθ(g))
= −∂t(dθ)g + dθ(aθ(g)).
For (153) we get
[aθ,Xt] = θ
ijaj∂iX
k∂k −Xk∂kθijaj∂i −Xkθij∂kaj∂i (200)
= −θijXk∂kaj∂i − θik∂kXjaj∂i
= Xkfkiθ
ij∂j + θ
ij∂i(X
kak)∂j
= −∂tX − dθ(Xkak).
B.3.2 Quantum onstrution
In [24℄, (135,136,139) have already been alulated, unlukily (and impliitly) using a
dierent sign onvention for the brakets of polyvetorelds. In [23℄, again a dierent
sign onvention is used, oiniding with the one in [24℄ in the relevant ases. In order
to keep our formulas onsistent with the ones used in [24, 23℄, we dene our braket on
polyvetorelds π1 and π2 as in [24℄ to be
[π1, π2] = −[π2, π1]S , (201)
giving an extra minus sign for π1 and π2 both even. The braket on polydierential
operators is always the Gerstenhaber braket.
With these onventions and
d⋆ = −[·, ⋆] (202)
we rewrite the formulas (139,137,135,136) so we an use them in the following
[Φ(X),Φ(g)]G = Φ([X, g]) + Ψ([θ, g],X) −Ψ([θ,X], g), (203)
[Φ(X),Φ(Y )]G = d⋆Ψ(X,Y ) (204)
+Φ([X,Y ]) + Ψ([θ, Y ],X)−Ψ([θ,X], Y ),
d⋆Φ(g) = Φ(dθ(g)), (205)
d⋆Φ(X) = Φ(dθ(X)). (206)
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For the alulation of the ommutators of the quantum objets we rst dene
a⋆ = Φ(aθt) (207)
and
f⋆ = Φ(fθt). (208)
With (206) we get the quantum version of (151)
f⋆ = d⋆a⋆. (209)
For funtions f and g we get
∂t(f ⋆ g) =
∞∑
n=0
1
n!
∂tUn(θt, . . . , θt)(f, g) =
∞∑
n=1
1
(n− 1)!Un(fθ, . . . , θt)(f, g) = f⋆(f, g).
(210)
With these two formulas we an now alulate the quantum version of (152) as in [23℄.
On two funtions f and g we have
∂t(f ⋆ g) = f⋆(f, g) (211)
= d⋆a⋆(f, g)
= −[a⋆, ⋆](f, g)
= −a⋆(f ⋆ g) + a⋆(f) ⋆ g + f ⋆ a⋆(g),
where we used (180) in the last step. Therefore
[a⋆, d⋆(g)](f) = a⋆(d⋆(g)(f)) − d⋆(g)(a⋆(f)) (212)
= a⋆([f ⋆, g]) − [a⋆(f) ⋆, g]
= −∂t[f ⋆, g]− [a⋆(g) ⋆, f ]
= −∂td⋆(g)(f) + d⋆(a⋆(g))(f).
For a funtion g whih might also depend on t the quantum version of (152) now reads
[a⋆ + ∂t, d⋆(g)] = d⋆(a⋆(g)). (213)
We go on to alulate the quantum version of (153). We rst note that
∂tΦ(Xt) =
∞∑
n=1
1
(n− 1)!∂tUn(Xt, θt, . . . , θt) = Φ(∂tXt) + Ψ(fθ,Xt). (214)
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With this we get
[Φ(aθ),Φ(Xt)] = d⋆Ψ(aθ,Xt) + Φ([aθ,Xt])−Ψ([θt aθ]) + Ψ([θt,Xt], aθ) (215)
= d⋆Ψ(aθ,Xt) + Φ(−dθ(Xkt ak)) + Φ(−∂tXt)−Ψ(fθ,Xt)
= −d⋆(Φ(Xkt ak)−Ψ(aθ,Xt))− ∂tΦ(Xt),
where we have used (204).
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